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Abstract-By use of a cut-off technique, we obtain a result of multiple solutions to perturbations 
of symmetric eigenvalue problems with constraint such as -au = x(f(r, u)+~g(z, u)) in R, u/an = 0, 
J, (Vuj2 dx = r2. @ 2002 Elsevier Science Ltd. All rights reserved. 
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In this paper, we are concerned with the existence of multiple solutions (u, X) E Hi(Q) x R of 
the elliptic eigenvalue problem 
--Au = X(f(z, 4 + 45, u)), in a, 4X-r = 0, 
J [Vu12 dz = r2, s-l (1) 
where f and g are continuous functions from fi x W to R, R c lRN is a bounded domain with 
smooth boundary 8R, r > 0 is a fixed number, and E 2 0 is a parameter. Assume that 
(fl) f(z, -t) = -f(z, t) for all 2 E fi and t E lI4; 
(f2) f(z, t)t > 0 for all 2 E fi and t E Iw and f(z, t)t $0 in both 52 x (-~$0) and 
any 6 > 0; 
(f3) there exist a > 0 and 1 < p < (N + 2)/(N - 2) (if N _> 3) such that lf(~, t)] 
limltl++oo ln(lf(x, t)l + l)(t(-2 = 0 if N = 2; and no assumption if N = 1; 
(g) g(z,t)t > 0 for all z E fi and t E R. 
We will prove the following theorem. 
R x (0,6) for 
i a(1 + ItIP); 
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THEOREM A. Assume that (fl)-(f3) and (g) are satisfied. Then for every n E N, there exists 
E,, > 0 such that problem (1) possesses at least n distinct solutions if 0 5 E 5 E,. 
REMARK 1. A similar result to Theorem A was obtained by Degiovanni and Ftadulescu (11 under 
the additional assumption that 
0 < tg(x,t) I a(x) + bltlq, for a.e. 2 E R and every t E R\(O), 
where a E L’(R), b E W and 0 5 q < 2N/(N-2) (if N > 2). Note that no assumption concerning 
the growth of g(z, t) is required in Theorem A. However, the continuity condition on f and g in 
Theorem A is stronger than the one in [l] where f and g are assumed to be only Caratheodory 
functions. 
REMARK 2. Conclusions in the line of Theorem A were obtained by a number of authors. For 
related results, see [2-g]. 
PROOF OF THEOREM A. We will only give the proof in the case where N 1 3. Fix a number 
n E N. We will prove that there exists sn > 0 such that problem (1) possesses at least n distinct 
solutions if 0 <_ s < s,. Let F(z,t) = $ f(z, s) ds. For k E N, define ok(t) = min{k,max{t, -k}} 
and choose a continuous function @k(t) such that Pk(t) = 1 if (tl 5 k, that ,&(t) = 0 if It) 2 k+ 1, 
and that 0 < Pk(t) < 1 if k < ItI < k + 1. Let gk(z,t) = &(t)g(x,C&(t)) and Gk(2,t) = 
Jot gk(z, s) ds. For any k E N, choose Al > 0 such that if 0 5 E 5 q(k) then 
for all z E R and t E W. (2) 
For k E N and 0 5 E 5 El(k), set 
I(u) = - I F(x, u) dx, ‘11 E @W), n 
and 
Ick(a) = - 
J 
[F(z, u) + EGk(x, u)] dx, u E H,‘(R). 
cl 
Let S = {u E H,‘(R) 1 Q(U) = T2}, I = 11 s and i& = I& 1s. By [l, Lemma 21, one sees 
that there exists a sequence {bj} of essential values of f strictly increasing to 0, that is, bl < 
b2 < b3 < . . . and limj,, 3 b. = 0. By Theorem 2.6 in [lo] there exists &Z(k) with 0 < &2(k) < 
min{e(k), l/k} such that if 0 5 E -2(k) then I& has n distinct essential values 
dskl < &lcz < . . . < drkn < b,+l. (3) 
Theorem 2.10 in [lo] implies that d&r, de&, . . . , dekn are critical values of IE,k. So there exists 
(&kj 7 %kj ) E W x S (j = 1, 2,. . . , n) such that 
-AUckj = &kj(f(Z,%kj) f &gk(x,‘%kj)), in 0, %kj I~R = 0, (4 
5, ‘hkj) + &Gk (x:, ‘hkj)] = dakj. 
Multiplying (4) with u&3 and integrating, we see that, for any k E N, 0 5 E 5 &g(k), and 
j=l, 2 ,..., 72, 
& n [.f ( s 
2, %kj) %kj + &gk (2, ‘&kj) &kj] = T2. (6) 
Eigenvalue Problems 905 
CLAIM. There exist 00 and ko E N such that if k > ko, 0 5 E 5 Ez( k), and j = 1, 2, . . . , 72, then 
s 
y 2, ‘hkj)‘&kj + &gk(x, %kj)%kj] 1 QO. (7) 
If this were false, then there would exist a subsequence {ki} of {k}, 0 5 &i 5 cZ(ki), ji E 
(1, 2,... ,n}, u* E H,‘(R), and M E LP+’ such that, as i -P 00, 
s [f (5, ui) ‘Iii + &i!?ki (2, ui) ui] + 0, R (8) 
ui + u* weakly in Hi’(R), stronglyin Lp+‘(R), and a.e. in s1, 
and, for all i = 1, 2, 3,. . . , 
l%(X)l I M(x), a.e. in R, 
(cf. [ll, Lemma A.l]), where ui = u,,kij,e By (f3) and (2)) there exists al > 0 such that, for 
0 I E I Ez(ki), 
F (x:, ui(x)) + ECk; (2, Q(X)) I ~1 (1 + (M(z))~+‘) . 
By (3), (5), and Lebesgue’s dominant theorem, we have 
- 
I 
F(z,u*) 5 b,+l < 0. 
R 
This implies u* # 0. So, Fatou’s Lemma implies 
which contradicts (8). Therefore, (7) is true. From (6) and (7), we come to, for k > ko, 
0 < E 5 .cZ(k), and j = 1, 2,. . . , n, 
A < a-v ekl- 0 . (9) 
Now, we can use a bootstrap argument to get for IIuckj I/c(n) an upper bound independent of E, k, 
and j, or, we can proceed as follows by using a device of Brezis and Kato [lo]. For any q > 0 
and 6 > 0, choose a number Cl = Cl (q, 6) > 0 such that 
If(x, t)l ltp+l + Jtp 5 f5(t12’+2Q + Cl, for all x E R and t E R, (10) 
where 2* = 2IV/(N - 2). By (2) and (lo), we have, for 0 5 E 5 &g(k), 
If@, t) + E&(X, t)l lt12q+1 2 6jt(2’+2q + cl, for all x E R and t E R. (11) 
Multiplying (4) with I'&kj 12q+' sign '&kj, integrating it by parts, and using (9) and (11)) we obtain 
that, for k 2 ko, 0 I: E I EZ(k), and j = 1, 2,. . . ,n, 
/IV I’%kjlq+112 5 c2(q)6/ Iu,kj12’+2q +c3(4,6), 
R 
where and in the sequel C, means a constant which does not depend on E, k, and j. By Holder 
inequality and Sobolev inequality, we see that, for k 1 ko, 0 5 E 5 ~2 (k), and j = 1, 2, . . ,n, 
(J > 2/2’ IUekj p?+1)2* n 5 cd(q)6 (b l’%kj12*)2’N (l I%kjl’q’1)2*)2’2* +cS(f?,6)+ 
Since 6 > 0 is arbitrary, for k 2 ko, 0 < E 5 EZ(k), and j = 1, 2,. . . , n, 
I I'&kjl(q+1)2* 5 es(q). n 02) 
By (f3), (2), (9), and (12), taking q large enough, we see that, for k 1 ko, 0 5 E 5 z2(k), and 
j=l, 2 ,..., 72, 
XEkj R If ( s ~,G/cj) +&gk(x,%kj)IN 5 CT. 
SO, (4) implies 11’&kjlIW2.N(R) I Cs for k L ko, 0 I E I &Z(k), and j = 1, 2,. . ,n. Since 
w2’N(n) ~1 C(a), ll”akjllc(~) 5 Cg for k L ko, 0 I E I Ez(k), and j = 1, 2, . . . , n. Therefore, if 
k>CgandO<E<E2(k)thenu,kl,uEk2,..., U&n are n distinct solutions of problem (1). The 
proof is finished. 
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